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Sensitivity of Repeated Eigenvalues to Perturbations

Kanika N. Vessel,* Yitshak M. Ram," and Su-Seng Pang’
Louisiana State University, Baton Rouge, Louisiana 70803

Two methods for calculating the derivatives of a repeated eigenvalue of viscously damped vibrating systems with
respect to a parameter are given. The first method implements the subspace spanned by the eigenvectors corre-
sponding to the repeated eigenvalue. The second method is based on an explicit formula that uses the characteristic
equation directly, without explicitly employing the eigenvector data. Examples demonstrate the various results.

I. Introduction

HE sensitivity of the eigenvalues of a vibrating system to per-

turbations is an important topic in the design and analysis of
dynamic systems. It also plays an important role in the development
of algorithms for solving some inverse problems in vibrations.'~3
The basic method for evaluating the derivatives of the eigenvalues
of the problem Ax = Ax by utilizing right and left eigenvectors goes
back to the work of Fox and Kapoor* and Nelson.> It was pointed
out, however,~? that the so-called Nelson’s method is not appli-
cable for evaluating the derivatives of repeated eigenvalues. The
sensitivity of a repeated eigenvalue of conservative vibrating sys-
tems has been determined by Ojalvo,® who utilized an auxiliary
eigenvalue problem associated with the subspace spanned by the
eigenvectors corresponding to the repeated eigenvalue. Chen’ has
further developed this method and obtained the sensitivity of the
repeated eigenvalue directly, without using the auxiliary eigenvalue
problem. Prells and Friswell® derived the sensitivity of a repeated
eigenvalue from the characteristic eigenvalue equation, without us-
ing the eigenvector data.

Our contribution here is twofold. We first extend the method of
Ojalvo® to include viscously damped vibratory systems, and then
we furnish an explicit formula (41) that determines the sensitivity
of a repeated eigenvalue of multiplicity p > 2.

II. Preliminary Results

Free oscillations of linear vibratory systems are governed by a set
of second-order differential equations of the form

Mi + Cx + Kx = 0, M,C,KeR"™", x(@)eR" (1)
where the mass matrix M is symmetric positive definite, the damping
matrix C and the stiffness matrix K are symmetric positive semidef-
inite matrices, and the dots indicate derivatives with respect to time

t. Generally, the displacement vector x takes the form

x(t) = veM ()
where v € C" is a constant vector and A € C. Substituting Eq. (2)
into Eq. (1) leads to the quadratic eigenvalue problem
MM +AC+Kyv=0 3)

In some cases, the matrices in Eq. (3) depend on a parameter
a. It is a matter of theoretical and practical interest to determine
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the sensitivity of the eigenvalues to small perturbations in «. To
determine the derivative dA/da, we multiply Eq. (3) from the left
by vT and obtain

Q=AW "My + wTCv +vTKy =0 4)
Then, differentiating Eq. (4) gives
Q' =vI (M + X Cw +v'" G2M + AC + K)v
+vT WM +AC + KW+ v OPM+1C+ KW =0 (5)

where the prime denotes differentiation with respect to «. If v/ is
bounded, then Eq. (5) reduces to

AT QAM + C)yy +vI (WM + AC' + Ky =0 6)
by virtue of Eq. (3), yielding
—vT(AM' +1C' + K
o +AC + Ky @
v 2AM + C)v
or, alternatively,
a d
A= __Q _Q (8)
do aA

As noted before, Egs. (7) and (8) are applicable only if the eigen-
value of the unperturbed system is simple, which implies that v’ is
bounded.

Example 1: The stiffness and damping matrices defining the three-
degree-of-freedom mass—spring—damper system, shown in Fig. 1,
depend on a parameter «:

15 -5 -5
M=1I, Ko)=|-5 15+a -5—«
-5 -5—a 154«
20 0 O
Cw)=|10 0 0 )
0 0 0

where I, is the identity matrix of order n. If @ =0, then the eigen-
values of the system are

A = /=5, A= —v/—5
Az = Agy = /20, As = Ao = —+/—20 (10)
and their corresponding eigenvectors are
1 1 1
Vi =V, = 1 B V3 = V5 = 0 , V4 = Vg = -2
1 -1 1
an
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Fig. 1 Three-degree-of-freedom system.
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We may apply Eq. (7) to determine the sensitivity of A; and X,,
yieldingA] = A, = — % . To confirm this result, we substitute = 0.1
in Eq. (9) and obtain, by direct calculation for the perturbed system,

>

| = Ay = —0.0333467 + 2.2364825i
A = As = —0.0666535 + 4.4703133i
ha = hg = 4.4944410i (12)

Thus, as predicted, A, and A, have been changed by approximately
oA} = —1/30. The change in the other eigenvalues Ay, k =3, 4, 5, 6,
however, cannot be determined by either Eq. (7) or Eq. (8) because
they are repeated eigenvalues. Moreover, because any linear combi-
nation of v3 and v, is another eigenvector of the repeated eigenvalues,
Eqgs. (7) and (8) will generally yield different values for different
legitimate choices of eigenvectors.

The objective of this paper is to develop methods for evaluating
the sensitivity of the repeated eigenvalues to perturbation.

III. Sensitivity of Regular Repeated
Eigenvalues to Perturbations

Consider now the case where A is a semisimple eigenvalue of
multiplicity p > 2, that is, A is a p-fold eigenvalue, and there are
p linearly independent eigenvectors v;, i =1, 2, ..., p, associated
with it. It is well known'?~'3 that each linear combination of v; is an
eigenvector corresponding to . Moreover, in the case of a small per-
turbation in the system parameters, the eigenvectors associated with
the repeated eigenvalue will generally be changed in a discontinuous
manner. However, depending on the perturbations, there will be at
least one eigenvector that is changed continuously.'!"'*> We denote
this eigenvector ¢. Because ¢ is formed by a linear combination of
v;, we can define the vector r € R” via

p=Vvr (13)
where V=[v, v, --- v,]. Thus, it follows that
MM +1C+K)Vr=0 (14)
We multiply Eq. (14) from the right by #” V7 and define Q as follows:
Q=r"VIO>’M +1C+EK)Vr=0 (15)
Differentiating Eq. (15) gives
Q' ="V (\®M +AC + K)Vr
+rT VT2 M 4+ 22M' +1'C 4+ 1C' +K)Vr
+r"VIOPM +2C+K)(Vr) =0 (16)

Because ¢ is changed continuously, (Vr)" is bounded, and
Eq. (16) is simplified to

Q' =r"VIQMWM+ M +)C+1C +K)Vr=0 (17)

by virtue of Eq. (14). A sufficient condition for Eq. (17) to be satis-
fied is that

VIQMWM 4+ M +1C+AC +K)Vr=0 (18)
Hence, defining
A=VIO*M +1C' +K)V (19)

B=-V'Q2\M +C)V (20)

the derivatives of the repeated eigenvalue A" are determined by the
eigenvalues of

A—NBr=0 1)

This result extends the procedure for finding the derivatives of a
repeated eigenvalue obtained by Ojalvo® to cover nonconservative
vibration systems.

Example 2: Consider again the three-degree-of-freedom system
described in example 1 and its modification. To evaluate the deriva-
tives of the repeated eigenvalue A3 =X, =./—20, we form the
matrix

1 1
V= [V3 e 0 -2 (22)
-1 1
and obtain, via Egs. (19) and (20),
1+4V-5 -3+4y-5 23)
34455 94455
—8+/-=5 0
B = (24)
0 —244/-5
We, therefore, have, by Eq. (21),
A= -2, A, =+/=5/10 (25)

To confirm the result, we use A=A+ Aa)/, where A = /—20is the
eigenvalue before the perturbation; Aa=0.1; A’ is the sensitivity
from Eq. (25); and X is the perturbed eigenvalue. We thus obtain

V=20 +0.1(—3) = —0.0666667 + 4.4721359i

V=20 + 0.1V —=5/10 = 4.4944966i
which closely approximate the exact values given in Eq. (12).

IV. Sensitivity of Two Repeated Eigenvalues

For the sake of clarity, we will first address the case of repeated
eigenvalues of multiplicity p =2. Denote

PO, &) = det[A* M () + AC(«x) + K(a)] =0 (26)

and let A =6 be two repeated roots of Eq. (26). Then, because 6 is
a double root of P, we have

oP
PO,a) = — =0 27)
|, _,
It follows from Eq. (26) that
dP—anA+8Pd =0 (28)
= o F R
and, hence,
opP
— =0 29)
oo -

by virtue of Eq. (27). Then the Taylor series expansion of P, with
the third- and higher-order terms in AA and A« neglected, gives

aP P
PO.4+ Ak, + Aa) = P(L, @) + AA— + Aa—
oA Jo
+ (Ak)zazp 24+ ALA it + (A )232P 2=0
_— o o) —— =
aA2 oA oo

(30)
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which, in view of Egs. (26), (27), and (29), yields

32 2 2

,0°P ,0°P

Dividing Eq. (31) by (Aa)?, we have, in the limit where Ao — 0
and AL — 0,
’p 3P

)\./ 27 7 2)\/
@) A2 + RpXles + da?

a2P
— =0 (32)

The sensitivity of the two repeated eigenvalue are the two roots of
Eq. (32).

Remarks: The following criteria are derived from Eq. (32):

1)If32 P /da* = 0, then one of the repeated eigenvalues will not be
changed by the modification. The rank-one modification discussed
by Parlett'* is a special case of this result.

2) If 32P /32? is small compared to 3> P/dAda, then the sensi-
tivity of one of the repeated eigenvalues is large.

3) If 9>P/02? and 9% P /0)1da are small compared to 32 P /da?,
then the sensitivity of the two repeated eigenvalues is large.

Example 3: Consider again the three-degree-of-freedom system
discussed in examples 1 and 2. The characteristic equation for this
system is

P =A% 4+ 2% + A* Qo + 45) + 413 (o + 15a)

+ 5002 (o + 12) + 40A(® + 1002) + 200a + 2000 (33)

When o =0, the system has two repeated eigenvalues Az =1y =
+/—20. To determine the sensitivity of these roots to a small pertur-
bation in o, we evaluate

9*P
— = 2400 (34)
A P e P
9’P
= 800 — 60+/—20 (35)
RN 1% =
32 p
- = —80+/—-20 (36)
L P P

According to Eq. (32), the sensitivity of these eigenvalues are the
roots of the quadratic equation

2400(1)* 4 (1600 — 120v/=20)1" —80v/=20 =0 (37)
that is,
N =+/=5/10 (38)

These results are identical to that obtained in Eq. (25) of example 2.

V=-1 or

V. Sensitivity of p Repeated Eigenvalues

We now consider the case where A =6 is a repeated root of
Eq. (26) of order p > 2. Here we have

P ar-1p
P@,a)=—| =-..=

o, _, Y
These conditions, in conjunction with
d'p =0, k=0,1,....,p—1 (40)

imply via the Taylor series expansion of P about A and « that the
sum of pth order terms in the expansion vanishes, that is,

p P

Zc"i(x’)k =0 (41)
£ 7 §Ropr—ha

where C,f is the binominal coefficient.

Fig. 2 Four-degree-of-freedom system with three repeated roots when
a=0.

Example 4: The mass, spring, and damping matrices of the four-

degree-of-freedom system shown in Fig. 2 are

20 =5 =5 -5
-5 20 -5 -5

- -5 -5 20 -5
-5 -5 =5 20
a 0 0 0
C— 00 00 4
10 0 0 O “42)
00 00
When o =0, the system has the following eight eigenvalues:
)\.1=)L2=)\.3=5i, )\.42)\.5:)\6=—5i
A7 =50, rg = —/5i (43)

that is, this set of eigenvalues consists of two groups of three repeated
eigenvalues +5i. The characteristic polynomial of the system and
its relevant partial derivatives are

P (A, a) = A3 + ar” 4 80A° 4 60aA® + 22501*

+ 112502 + 25,0001 + 62500 + 78,125 (44)
hence,
3P 5 4 3 2
=53 = 33647 +21002" 496002 + 3600arh” + 54,0002 + 6750
(45)
op = 423 4 1200A% + 67501 (46)
0A20a
#¥p 9P
90t = 37 = (47
For p =3, Eq. (41) reduces to
which, on substitution of @ =0 and A = 5i, gives
120,000i (\')* + 45,000i (A)* = 0 (49)

The roots of Eq. (49) are, thus, A" = —% and A" =0 of multiplicity
two. To confirm this result, we substitute @ =0.1 in Eq. (42) and
find by direct calculation that the set of eigenvalues of the perturbed
system includes, as expected, two repeated eigenvalues 5/ and an
eigenvalue —0.0375 4 4.9996i ~ — 2o + 5i.

VI. Defective Systems

If a set of repeated eigenvalues of multiplicity p has only ¢ < p
linearly independent eigenvectors, then the system is said to be
defective. In this case, the sensitivity of the repeated eigenvalues to
perturbation cannot, in general, be determined by either the method
developed in Sec. III nor by formula (41). The method of Sec. Il is
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Fig. 3 Defective system a) original system and b) its modification.

not applicable for this case because the hypothesis (13) that ¢ can
be expressed in terms of a linear combination of the eigenvectors
does not hold. Equation (41) cannot be used because dA /da — oo,
and, hence, the partial derivatives of P with respect to o do not
generally vanish.

The preceding observation is now demonstrated by the following
example.

Example 5: The simplest defective system of all is a single mass
m, shown in Fig. 3a. Its differential equation of motion is

mi =0 (50)

Suppose that the system is modified by the addition of the spring o
and damper 2«, where « is small, as shown in Fig. 3b. The equation
of motion for the modified system is

mx + 2ax +ax =0 (€28)

The original system has repeated eigenvalues A, = 1, =0, and the
slightly perturbed system has eigenvalues

M —a/m—\/az—ma/m
P —a/m 4/ o? —ma/m (52)

Hence, by definition,
Al = lim [():1 —A1p/a] = lim (—l/m —+va?— ma/ma)
a—>0 a—0

— —1/m — ooi (53)

Ky = lim (s — do)fa = (54)
The application of Eq. (32) together with
P=m\+2ar+a=0 (55)
yields, via
2m(\)* +41 =0 (56)
the erroneous result A} =0 and A, = —2/m.

VII. Conclusions

We have developed two methods for evaluating the derivatives of
arepeated eigenvalue of a damped vibratory system with respect to a
parameter. The first method generalizes the classical result obtained

by Ojalvo® to include viscously damped systems. We then furnished
an explicit formula (41), from which the sensitivity of a repeated
eigenvalue of multiplicity p > 2 can be found without employing
the eigenvector data.

Note that the preceding developments are applicable only to reg-
ular systems. A nonsimple eigenvalue, which renders the system
defective, is usually not a continuous function of the system’s pa-
rameters and, hence, generally has no finite derivatives. This issue
is demonstrated via example 5 of the paper.
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